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ABSTRACT 

It has been shown that given a classical background in string theory which 
is independent of d of the space-time coordinates, we can generate other classical 
backgrounds by 0{d) ® 0{d) transformation on the solution. We study the effect 
of this transformation on the known black p-brane solutions in string theory, and 
show how these transformations produce new classical solutions labelled by extra 
continuous parameters and containing background antisymmetric tensor field. 
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In a previous paper [1] we showed that in string theory, if we have an exact 
classical solution which is independent of d of the space-time coordinates, then 
we can perform an 0{d) ® 0{d) transformation on the solution, which produces a 
new configuration of string field, satisfying the classical equations of motion to all 
orders in the string tension a' . This generahsed the result found by Meissner and 
Veneziano [2] [3] to leading order in a' . In this paper we shall study the effect of this 
0{d)®0{d) transformation on the known black p-brane solutions in string theory, 
and obtain new classical solutions in string theory labelled by extra continuous 
parameters. 

We begin by recalling the general argument of ref.[l] and also by giving a 
generahsed version of the analysis of ref.[3]. In the language of string field the- 
ory, looking for solutions which are independent of d of the coordinates (say y*, 
1 <i < d) corresponds to looking for a string state \^) carrying zero momentum in 
these d directions. Restricting string states of this type gives us the reduced string 
field theory action which governs the classical dynamics in this subspace. This 
reduced action, in turn, is expressed in terms of correlation functions of vertex 
operators carrying zero momentum in the appropriate conformal field theory. 
In the part of the conformal field theory described by the free scalar fields F*, the 
correlation functions factorise into the left and the right part, and each part is sep- 
arately invariant under the rotation group 0{d) which acts on these d coordinates. 
Thus the reduced action has an 0{d) ® 0{d) symmetry, which implies that given 
a classical solution of the string field theory equations of motion in the subspace 
carrying zero y* momemta, we can generate other solutions by acting with this 
0{d) (8) 0{d) transformation. Of this the diagonal 0{d) subgroup simply corre- 
sponds to rotating the sohition in the d, dimensional space, the other generators of 
0{d)^0{d) acting on the solution produces inequivalent solutions in general, since 
0{d)®0{d) is not a symmetry of the full action. Although the above argument was 
given in the context of string field theory, note that the argument is independent 
of the detailed form of string field theory, and hence the final result is expected to 
hold for fermionic string theories as well. Note that if one of the coordinates is 
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time-like, the 0{d)®0{d) transformation gets replaced by 0{d— 1, l)^0{d — l, 1). 

The low energy manifestation of this symmetry had been discovered in ref . [3] . 
We shall briefly reproduce this analysis in a somewhat more general form than the 
one in which it was discussed in ref. [3]. Let us consider the low energy effective 
action of string theory in D space-time dimension. This can be obtained either 
from the study of the ^'-matrix elements in string theory (see ref. [4] and references 
therein) or from the calculation of the /3-f unction of the cr-model [5 — 8] , and is 
given by, 

S^- j d^xVd^e-'^{K - R^^\G) + ^H^^pH'^'^P - G'^^5/,$5^$) (1) 

where 0^^,^, Bf^, and $ denote the graviton, the dilaton, and the antisymmetric 
tensor fields respectively, H^i^p = d^B^p + cyclic permutations, R^^^ denotes the 
D dimensional Ricci scalar, and A is the cosmological constant equal to (D — 26)/3 
for bosonic string and (Z? — 10)/2 for fermionic string. (For simplicity we have set 
the other background massless fields, which appear in fermionic string theories, to 
zero.) Let us now split the coordinates into two sets and (1 < m < d, 
1 < a < D — d) and consider backgrounds independent of Y'^. Let us further 
concentrate on backgrounds where Gma — -^ma = 0, i.e. to backgrounds of the 

form G=| _ 1,5=1 _ |.In this case, after an mtegration 



Gap)' ~ V Baf5 

by parts, the action (1) can be shown to take the form 



- J d'^Y J d^-'^fVdetGe-^ [a - G'^^daXdpX - ^G'^^TridaMLdpML) 



(2) 



where. 




(3) 



X = $ - In VdetG 



(4) 
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and, 



, G-i -G-^B , 
M = _ ^ , _ ^ , (5) 
' BG-^ G-BG-^B ' 



If the coordinates Y'^ are all of Euclidean signature, this action is invariant under 
an (8) transformation on G, B and given by. 



if S + R R-S\ fS^ + RT S'^-RT' 



X, Ga/3 Gap, Baf3 ^ Baf3 (7) 

where 5" and R are 0{d) rotation matrices, and S^, denote the transpose of 
the matrices S, R. In fact, the action is invariant under a general 0{d,d) trans- 
formation which leaves the matrix L invariant [3], but the members of the 0{d, d) 
algebra outside the 0{d) ® 0{d) algebra can be shown to generate pure gauge de- 
formations [1] if the coordinates F*^ are non-compact. The transformations given 
in eqs.(6), (7) were shown to agree with the 0{d) (g) 0{d) transformation on the 
string fields to linearised order. Corrections to the action given in eq.(l) including 
higher derivative terms are expected to change the transformation laws given in 
eqs.(6), (7), but the existence of a modified transformation is guaranteed by the 
string field theory argument given before. 

Since in the above analysis we have explicitly set G^a and i?ma to zero, we 
must make sure that the equations of motion obtained by varying the action with 
respect to these fields is also 0{d) (g) invariant. In this case it is easy to see 
that for the backgrounds considered here these equations of motion are satisfied 
identically, hence their 0{d) ® 0{d) invariance is obvious. 

The above symmetry gets modified to 0{d — 1, 1) (8) 0{d — 1, 1) when one of 
the coordinates Y'^ (say Y^) is time-hke. In this case the transformation laws (5) 
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get modified to, 

where rj =diag(— 1, 1, ... 1), and 5" and R are 0{d — 1, 1) matrices satisfying, 

SrjS^ = 77, RrjR^ = r] (9) 

In all the examples we shall consider, one of the coordinates Y'^ will be time- 
hke, and hence the relevant group will be 0{d — 1, 1) (8) 0((i — 1, 1). We shall now 
examine the transformation laws of various fields under the 0{d — 1,1) 00 (d— 1,1) 
group in some detail. In component form the transformed fields G[j, and $' 
are given by, 

=i [rj{S + R)7]G-^7j{S'^ + R^)ri + r,{R - S){G - BG-^B){R^ - S^)?] 
- r]{S + R)r]G-^B{R^ - S^)rj + r){R - S)BG-'^r){S^ + R^)r]\^. 

B[. =^{\{R - S)r]G-\{S^ + R^)r] + {S + R){G - BG-^B){R^ - S^)r) 

+ {S + R)BG-^r]{S^ + R^)r) -{R- S)r]G-^B{R^ - S^)r)] G') 

Jij 

$' =$ - - In det G + - In det G' 
2 2 

(10) 

The transformation laws of G and B may be expressed in a compact form by 
defining the matrix: 

C = G-r)G-^r)-BG-^B + BG-^r) + r)G-^B (11) 

The transformation law of C then takes a simple form: 

C = SCR^ (12) 

Let us now turn to specific examples. We start from a simple solution of the 
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,(s^R)n n(R-S)\ / 

4:\{R-S)r) S + R I \ 



equation of motion (1) of the form [9] [10]: 




(13) 



$ = - In cosh^ — + $0 



where $o is an arbitrary parameter, and, 




25 -d 



9-d 
2 



3 



for fermionic string 



for bosonic string 



(14) 



Since the solution is independent oi d—1 space-hke coordinates, it can be called a 
d—1 brane solution in the language of ref.[12]. Note that a priori we cannot ignore 
the contribution from the higher derivative terms in the action since the scale of 
spatial variation of the solution is set by Q which is of order 1. This problem 

may be avoided if instead of just taking d ~ 1 scalar (super)-fields X*, we take 
d — 1 scalar (super)-fields together with a (super)-conformal field theory of central 
charge c (|c). In this case Q will be given by. 



and wc may consider a situation where rf + c ~ 25 (rf + c ~ 9) so that Q is small. In 
this case the effect of higher derivative terms in the effective action will be small, 
at least away from any singularity. 

★ The 0{d — 1,1) 0{d — 1,1) transformation may also be applied to the more general class 
of solutions discussed in ref.[ll], but we shall not discuss it here. 




(15) 
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The solution given in eq.(13) has the property that it is independent of the 
coordinates t and X*. Thus we can make an 0{d — l,l)^0{d — l,l) transformation 
on the fields so that the new configuration will also be a solution of the equations 
of motion. For the background defined in eq.(13) the tensor Cij defined in eq.(ll) 
takes the form: 

Cij = -5ii5ji(tanh^ ^ - coth^ ^) (16) 
Thus from eq.(12) we get, 

C'ij = -SiiRji (tanh^ ^ - coth^ ^) (17) 

In order to study the set of inequivalent classical solutions, we note that under a 
Lorentz transformation, C' — > MC'M^ where M is an 0{d —1,1) matrix. This 
corresponds to changing S to MS and R to MR. Thus, 

Sii MikSki, Rii MikRki (18) 

Both the vectors Sn and Rn are normalised to —1 with respect to the metric rj 
since they form the first columns of 0{d — 1, 1) matrices. Thus by choosing an 
appropriate M we may bring the vectors Sn and Rji into the form: 

Sn — cosh^, 5'2i = — sinh 9, Sn — for i > 3 

(19) 

Ru — cosh 9, R21 — sinh 9, Rn = for i > 3 
For this choice of S and R eq.(lO) gives the following form of the transformed fields 
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G\ B' and 



G' 



sinh^(Qr/2) 
"cosh^(Qr/2)+sinh^( 








cosh^(Qr-/2) 
cosh^((5r/2)+sinh^6> 





= - ln(cosh2(gr/2) + sinh^ 9) + $o 



Thus the full metric now takes the form: 






1 





/ 


1 


• 


• 0\ 




-1 





• 


• 


cosh 9 sinh 9 








• 


• 


cosh^ (gr /2) + sinh2^ 












V 





• 


• o/ 








1/ 



(20) 



ds^ = sinh-(gr/2) _ ^ ^ ^ cosh^(gr/2) 



l\2 



cosh^(gr/2) + smh^e 
d-i 

+ ^ dX'dX' 



cosh^ (gr /2) +smh^e 



(21) 



and has a coordinate singularity at r = 0. This singularity may be removed by 
choosing a new coordinate system: 



ii = sinh(gr/2)e^^/(2c°^he)^ = sinh(gr/2)e-^^/(2'=oshe) (22) 
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In this coordinate system the metric takes the form: 



ds 



2 2 , / cosh^^ 
——^dudv o 1" 



\uv + cosh^ e uv + l 
1 sinh^ e 

{uv + l){uv + cosh^6') 



Sinn u / 9 , 9 9 , 9\ 

TT 9 — iv'^du^ + w'^df coQ^ 



lii; + cosh 9 ~^ 



Thus we see that at r = 0, i.e. at = or i> = 0, the metric does not have 
any singularity in this new coordinate system. In fact, in this coordinate system 
the metric has finite non-zero eigenvalues in the region uv > —1, v finite. In 
order to make sure that the solution is non-singular at r = 0, we must also check 

that the dilaton, as well as the field strength associated with the anti-symmetric 
tensor field arc non-singular at r = 0. The dilaton given in cq.(20) is clearly non- 
singular at r = 0. The antisymmetric tensor field strength H^yp = {d^^Byp + cyclic 
permutations) takes the form: 



-Q cosh 6 sinh 6 cosh((5r/2) smh.{Qr /2) 
(cosh2(Qr/2) +sinh2 Of 



Hrtl = drBn = ; , 2/^ /^x . • , 2 n\2 



When transformed to the u — v coordinate system, this becomes. 



2 cosh^^sinh^ 
Q [uv + cosh 9y 



which is clearly non-singular at = or i> = 0. 

So far we have discussed the part ofO((i— l,l)®0((i — 1,1) transformation that 
is connected to identity. As was discussed in ref . [1] , the effect of the disconnected 
part of the 0{d) iS> 0{d) transformation on the solution is to expand the solution 
in powers of e^'^ and reverse the sign of all the odd powers of e*5^. This transforms 
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the solution given in eq.(20) to, 



G' 



cosh^(Qr/2) 
'sinh^(Qr/2)-sinh^6' 








sinh^(Q?-/2) 
sinh^(Qr/2)-sinh^ 








1 








1/ 





/ 


1 


• 


• 0\ 




-1 





• 


• 


cosh 9 sinh ^ 








• 


• 


sinh2(gr/2) -sinh^^ 












I 





• 


• 0/ 



(26) 



= - ln(sinh2(gr/2) - sinh^ 



Thus in this case the solution is singular at r 29 /Q. 

As was shown by Witten [10] (see also rcfs.[13 — 17] ), for the solution given in 
eq.(13), after modification due to higher order terms have been taken into account, 
the coordinates r and t together describe a solvable conformal field theory based 
on the gauged SL(2,R) WZW theory, where a non-compact subgroup of SL(2,R) 
is gauged. The level k of the WZW theory is related to Q by the relation: 



2 + 3Q2 



3k 
k-2 



(27) 



so that the Q ^ limit corresponds to k — > oo. It is thus natural to ask whether 
there are solvable conformal field theories which correspond to the solution given 
in eq.(20). In fact, conformal field theories associated with Euclidean continuation 
of these solutions have been found in ref. [18] by gauging a linear combination of 
a compact U(l) generator of SL(2,R) and the U(l) currents generated by 
dX^. By taking independent linear combinations of the U(l) currents in the left 
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and the right sector one can get the Euchdean continuation of the background 
given in eq.(20) (with 9 replaced by iO). This is not surprising, since the original 
0{d) ®0{d) symmetry was due to the freedom of independent rotations in the left 
and the right sector. 

Note that if we take some of the directions X* to be compact, then even the 
diagonal 0{d — 1, 1) subgroup, acting on the solution, generates new solutions, 
since this is no longer a symmetry of the full theory. This has been exploited in 
ref. [18] to get new exact solutions of string theory. In the analysis of this paper we 
shall restrict ourselves to the non-compact case. 

We shall now consider a second example, where the solution, in general, does 
not correspond to a solvable conformal field theory. This is the five-brane solution 
of the low energy effective field theory in ten dimensional superstring or heterotic 
string theory (or, equivalently, the 21-brane solution in 26 dimensional bosonic 
string theory) described in ref. [12]. (See also refs.[19 — 29] for related work.) In a 
particular coordinate system the solution takes the form [20]: 

1 ^ 
ds'^ = - tanh^ rdt^ + [M + ^^(cosh^ r - -)] (dr^ + d^l) + ^ dX'dX' 

/M + (52(cosh2r- i)\ (28) 
V o^cosh r / 
H =2goe3 

where M and $o are independent continuous parameters. 



go = A/M2-l54 (29) 

is quantised, dVt^ is the line element on the 3-sphere, and 63 is the volume form on 
the same 3-sphere.* (For bosonic string theory the sum over i runs from 1 to 21 



★ The dilaton $ and the field strength H in our convention are related to that in the convention 
of ref. [12] by a factor of 2. 
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instead of from 1 to 5.) Although the solution does not appear to be flat in the 
asymptotic region r — > cxo, after a coordinate transformation: 



y — S cosh r 



(30) 



one gets a metric which reduces to 10 dimensional Minkowski metric in the region 
r — > oo. 

Let us note that the solution is independent of the coordinates t and X*. 
Thus, as before, we can construct new solutions through 0{d — 1,1) ^ 0{d — 1,1) 
transformation (here d — 6). Counting of independent parameters labelling the 
transformed solution proceeds exactly in the same way as before, and we are left 
with one independent parameter 9. The new solution obtained in this way is given 
by: 

sinh^ r , o cosh^ r 



ds^ = - 



+ 



cosh r + sinh 9 



dr + 



9 9 

cosh r + sinh 9 



{dX 



1^2 



1 

(M + (52(coshV - -)){dr^ + dQ^) + ^ dX'dX' 



i=2 



M + (52(cosh^r - i) 
In ^ ^ + $0 



52(cosh^ r + sinh^ 9) 



(31) 



B 



cosh 9 sinh 9 

' 9 9 

cosh r + sinh 9 



( ° 


1 


■ 


■ 0\ 


-1 





■ 


■ 








• 


• 


V 





• 


• 0/ 



where denotes the field strength associated with the antisymmetric tensor 

field in the internal 3-sphere, and B denotes the components of the antisymmetric 
tensor field in the six dimensional space spanned by the coordinates t and X*. As 
before, it is easy to see that the point r = represents a coordinate singularity, and 
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the field strength associated with the antisymmetric tensor field is regular at r = 0. 
Thus we see that using the 0{d — 1,1) (E)0{d — 1,1) transformation we can generate 
a solution of the low energy effective field theory equations of motion characterised 
by three continuous parameters ^q, M and 9, and one discrete parameter Qq. 

In conclusion, we have demonstrated in this paper that the 0{d)®0{d) {0{d — 
1,1) <^ 0{d — 1,1)) symmetry may be used effectively to generate new classical 
sohitions in string theory from the known ones. Although we have considered 
only a few examples, it is clear that this transformation can be applied on other 
known classical solutions as well. It will be interesting to study the the physical 
consequences of continuous parameter family of solutions in string theory implied 
by the 0{d) <S> 0{d) symmetry, particularly on the cosmology of the early universe 
in string theory [30] . 

Finally, note that for suitable backgrounds, the 0{d — l, l)^0{d — l, 1) symme- 
try of the reduced action may be extended to 0{d — 1,1)® 0{d + 15, 1) symmetry 
in the case of heterotic string theory, due to the possibility of including the 16 in- 
ternal coordinates in the rotation. This rotation, in general, will produce a charged 
black hole [21] from an uncharged one. Thus besides producing new solutions, our 
method also opens up the possibility of relating different known solutions in string 
theory by the twisting procedure. 
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